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Homogeneous geodesics on homogeneous Riemannian manifolds were studied
for example in [8], [10]. In physics, Penrose limits along null homogeneous geo-
desics are studied in [5] and [11]. In [11], it is shown that the Penrose limit of
a Lorentzian spacetime along a homogeneous geodesic is a homogeneous plane
wave and the Penrose limit of a reductive homogeneous spacetime along a ho-
mogeneous geodesic is a reductive homogeneous plane wave. In mathematics,
the first results for homogeneous geodesics on pseudo-Riemannian homogeneous
manifolds were obtained in [1], [2] and [3].

The study of pseudo-Riemannian g.o. spaces (pseudo-Riemannian homogeneous
spaces whose all geodesics are homogeneous) started with the paper [3]. In this
paper, we considered 5-dimensional, 6-dimensional and 7-dimensional manifolds
which were described with Riemannian metrics in [4], [6], [9] and geodesic graphs
of these Riemannian g.o. manifolds were described in [4] and [7] (Kaplan’s ex-
ample of the first Riemannian g.o. manifold which is not naturally reductive
was one of them). We modified the metrics and we obtained pseudo-Riemannian
homogeneous spaces with compact isotropy group. We showed that these spaces
are g.o. spaces and we described the discontinuities of geodesic graphs. At all
points of discontinuity, there are different limits along different curves, but these
limits are all finite.

In the present talk we show how to modify the Riemannian metrics on the 6-
dimensional Kaplan’s g.o. manifold and obtain homogeneous pseudo-Riemannian
manifolds with noncompact isotropy group. These examples have the property
that all geodesics are homogeneous up to a set of measure zero (and hence they
are not g.o. spaces). We also show that the (incomplete) geodesic graphs are
strongly discontinuous at the boundary, i.e., the limits along certain curves are
always infinite.

References

[1] Calvaruso, G. and Marinosci, R.: Homogeneous geodesics of three-
dimensional unimodular Lorentzian Lie groups, to appear in Mediter-
ranean J. Math.

[2] Dusek, Z. and Kowalski, O.: Light-like homogeneous geodesics and the
Geodesic Lemma for any signature, to appear in Publ. Math. Debrecen.

[3] Dusek, Z. and Kowalski, O.: Examples of pseudo-Riemannian g.o. mani-
folds, to appear in Proc. Conf. Geometry, Integrability and Quantization,
Varna, 2006.



[4]

[5]

[11]

Dusek, Z., Kowalski, O. and Nikéevié¢, S.: New examples of Riemannian
g-0. manifolds in dimension 7, Differential Geom. Appl. 21 (2004), 65-78.

Figueroa-O’Farrill, J., Meessen, P. and Philip, S.: Homogeneity and plane-
wave limits, J. High Energy Physics 05 (2005), 050.

Gordon, C.: Homogeneous Riemannian Manifolds Whose Geodesics are
Orbits, Prog. Nonlinear Differ. Eq. Appl. 20 (1996), 155-174.

Kowalski, O. and Niké¢evié, S.: On geodesic graphs of Riemannian g.o.
spaces, Archiv der Math. 73 (1999), 223-234; Appendix: Archiv der Math.
79 (2002), 158-160.

Kowalski, O. and Szenthe, J.: On the existence of homogeneous geodesics
in homogeneous Riemannian manifolds, Geom. Dedicata 81 (2000), 209—
214, Erratum: Geom. Dedicata 84 (2001), 331-332.

Kowalski, O. and Vanhecke, L.: Riemannian manifolds with homogeneous
geodesics, Boll. Un. Math. Ital. B(7) 5 (1991), 189-246.

Kowalski, O. and Vlagek, Z.: Homogeneous Riemannian manifolds with
only one homogeneous geodesic, Publ. Math. Debrecen, 62/3-4 (2003),
437-446.

Philip, S.: Penrose limits of homogeneous spaces, J. Geom. Phys. 56
(2006), 1516-1533.



